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Riemannian Optimization

Optimization on a manifold where the point belongs to a manifold:
minimize

Σ
f (Σ)

subject to Σ ∈M.
(1)

VTF-RLBFGS Algorithm

Mapping Operators on SPD Manifold

Operator No mapping

Metric, gΣ(ξ,η) tr(Σ−1ξΣ−1η)
Gradient, ∇f (Σ) 1
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Approx. Euclidean retraction, RetΣ(ξ) Σ + ξ + 1
2ξΣ

−1ξ

Operator Mapping by inverse second root
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1
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Metric, g′Σ(ξ
′,η′) tr(ξ′η′)
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)
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Vector transport, T ′Σ1,Σ2
(ξ′) ξ′
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Operator Mapping by Cholesky decomposition

Mapping ξ′ := L−1 ξ L−>

Metric, g′Σ(ξ
′,η′) tr(ξ′η′)

Gradient, ∇′f (Σ) 1
2L
>(∇Ef (Σ) + (∇Ef (Σ))>

)
L

Exponential map, ExpΣ(ξ
′) Σ exp(L−>ξ′L>)

Vector transport, T ′Σ1,Σ2
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Approx. Euclidean retraction, RetΣ(ξ′) Σ +Lξ′L> + 1
2Lξ

′ 2L>

Riemannian LBFGS

Limited-memory Broyden-Fletcher-Goldfarb-Shanno (LBFGS):

p̃ := p− ρk gΣk
(sk,p)yk, (2)

p̂ := TΣk−1,Σk

(
GetDirection(T ∗Σk−1,Σk

(p̃), k − 1)
)
, (3)

return ξk := p̂− ρk gΣk
(yk, p̂k)sk + ρk gΣk

(sk, sk)p, (4)
Σk+1 := ExpΣk

(αkξk) or RetΣk
(αkξk), (5)

sk+1 := TΣk,Σk+1
(αkξk), (6)

yk+1 := ∇f (Σk+1)− TΣk,Σk+1

(
∇f (Σk)

)
. (7)

Experiments on
Gaussian Mixture Model

minimize
{αj,µj,Σj}Kj=1

−
N∑
i=1

log
( K∑

j=1

αjN (xi;µj,Σj)
)
,

subject to Σj ∈M = Sn++, ∀j ∈ {1, . . . , K},
(8)

Experiments on
Geometric Metric Learning

min.
W

f :=
∑

(xi,xj)∈S

(xi − xj)>W (xi − xj)

+
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1

2
‖W ‖2F ,

s.t. W ∈M = Sn++,

(9)


